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FEM: Remarks on programming

—Au=f onQ=(01)x(0,1)
u=20 in 00

Find u € V such that

/Vu-Vvdx:/fvdx VveV
Q Q

We consider a triangulation of the domain 7; = {K}7¢, and the
finite dimensional space V), of piecewise linear functions on 7.

Find up € V}, such that
/ Vuh-Vvth:/ fvpdx Vv, € Vy
Q Q
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The linear system

ndof

Let {¢;}295° be a base of V,. Then uh(x) =) _ Ujgj(x) and in
j=1

particular

ndof

/QV(; lJJ-(;ﬁj(x))-chS,-(x) dx = /Q f(x)¢i(x)dx Vi=1,... ,ndof

ndof

;UJ/QV@(X)-V@(X) dx—/ﬂf(x)qb,-(x)dx Vi=1,...,ndof

2y = / Voi(x)- Voilx)dx, f= / F(x) 1) dx
Q Q
AU=f
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The element matrix AX and the element load ¥

nel

aij= / Voi(x) - Voi(x dx—z w)J ) - Vi(x) dx

Each element stiffness matrices is a 3 X 3 matrix.
S1,1 S12 S13
K
S"=| 1 92 93
S31 S32 S33
In order to calculate s;; = [, Vg; - V; (local numeration) it is
easier to work on the reference element.

Analogously

nel

f,-z/ F(x) i(x dx—Z/ dx

and we can consider an element load fX that is a vector with three
components.
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Main steps

v

Construction and representation of the triangulation.

Computation of the element stiffness matrices AX and
element loads fX.

v

v

Assembly of the global stiffness matrix A and load vector f.

v

Solution of the system of equations AU = f.

v

Postprocesing.
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Representation of the triangulation

11 3 2 14
elem= |3 4 7 7 16
2 3 2 8 15

To represent a triangulation we will use:
» A matrix coor containing for each node its coordinates.
» coor has two rows and nnod columns.
> In this way we have numerated the nodes.
» Another matrix elem containg for each element its nodes.

» elem has three rows and nel columns.
» In this way we have a local numeration for the nodes of each
triangle.
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The reference element

This trasformation makes

oJ-la) [s]-la) R]-1a)
x=Bkx+d x=B"'(x—d)
with

B:[m—po Pz—Po} d:[Po}
-9 G2— Qo 0
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The element matrix
Concerning the gradients

00 _ 06 0%  06;0% _ 04 0
Oxi Do 0o 0T a%
where M = B~!. Analogously
09 _ 9% 09
0x> - 0x1 M2+ 0Xo m2,

Hence

/vgza,--w)j dx = |det (B)|/ B~V - B~TV; dx
K K
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The element matrix
Concerning the gradients

00 _ 06 0%  06;0% _ 04 0
Oxi Do 0o 0T a%
where M = B~!. Analogously
09 _ 9% 09
0x> - 0x1 M2+ 0Xo m2,

Hence

/vgza,--w)j dx = |det (B)|/ B~V - B~TV; dx
K K

Concerning the functions

/¢,¢jdx:|det (B)|/$,-¢“>,-df<
K K
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selem

function s=selem(K)
for i=1:2
B(:,i)=K(:,i+1)-K(:,1);

end

GFref=[-1 1 0; -1 0 1]; % each column is the gradient
% of the corresponding base function
% in the reference element.

GF=inv (B) > *GFref;

for i=1:3
for j=1:3
s(i,j)=GF(:,1i)’*GF(:,]);
end
end
s=s*abs(det(B))/2; % 1/2 is the area of the reference

% element
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Assembly of the global stiffness matrix A

1 2 2 30
elem=12 8 3 36
7 7 8 35

for 1=1:number of elements
calculate the stiffness matrices of the element
for i=1:3
for j=1:3
A(elem(i,1),elem(j,1))=A(elem(i,1),elem(j,1))+s(i,])
end
end

end
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The load vector f

» For each element there is a 3 x 1 load vector
X :/ F(x)pi(x)dx i=1,2,3.
K

» They are calculated using numerical integration.

Then the vector f is assembly

for 1=1:number of elements
calculate the load vector of the element
for i=1:3
f(elem(i,l))=f(elem(i,1))+fel(i)
end

end
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felem - 1

| Three points quadrature rule:

Fori=1,2,3

_ e~ LS - Klep
= [ Al dex TS F(PGIP) = (P

because ¢;i(Px) = dj «-
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felem - 2

function f=felem(K,fun)
for i=1:3
x=K(1,1);
y=K(2,1);
f(i)=eval(fun);
end
for i=1:2
B(:,i)=K(:,i+1)-K(:,1);
end
f=f*abs(det(B))/6; % abs(det(B))/2 is the area of K
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Input data

» The matrix coor and the matrix elem giving the triangulation.
» A vector bc giving the nodes in the boundary.

» The load f (as a string).
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The program

function sol=femDir (coor,elem,bc,fun)
ndof=length(coor) ;
nelem=length(elem);
A=zeros(ndof) ;
F=zeros(ndof,1);
for 1=1:nelem
K=coor(:,elem(:,1));
s=selem(K);
f=felem(K,fun);
for i=1:3
for j=1:3
A(elem(i,1),elem(j,1))=A(elem(i,1),elem(j,1))+s(i,]);
end
F(elem(i,1))= F(elem(i,1))+f(i);
end
end
bound=find(bc(1,:));
intern=find(bc(1,:)-1);
A=A(intern,intern);
F=F(intern);
x=A\F;
sol=zeros(ndof,1);
sol(intern)=x;
sol (bound)=0;
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creadata

function [coor,elem,bc]=creadata(N)
ndof=(N+1) "2;
for j=1:N+1
for i=1:N+1
coor (1, (j-1)*(N+1)+i)=(i-1)/N;
coor(2, (j-1)*(N+1)+i)=(j-1)/N;
end
end
elem=[];
for j=1:N
for i=1:N
k=(j-1)*(N+1)+i;
elemA=[k;k+1;k+N+1];
elemB=[k+1;k+1+N+1;k+N+1];
elem=[elem elemA elemB];
end
end
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Example

Solve

—Au = 872sin(2mx) sin(2my) in Q = (0,1) x (0,1)
u=20 on 00

Solution: u = sin(27x) sin(27wy).
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